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Computational Optimization of a Hypersonic
Rectangular-to-Circular Inlet
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University of Maryland, College Park, Maryland 20742-3015

A numerical optimization process utilizing a computational � ow solver is applied to the design of a three-
dimensional hypersonic inlet. A stream-traced power law compression surface is designed to utilize nonuniform
� ow ata rectangularcapture cross section and transform it to uniform� ow ata cylindricalcombustor. The objective
is to utilize an inversely designed compression forebody with a complex three-dimensional inlet without sacri� cing
� ow uniformity at the combustor plane. A computational� ow solver is used to solve the inviscid three-dimensional
Euler equations. The standard deviation in pressure across the combustor plane is then calculated. This value
serves as the objective function that is minimized in a numerical optimization program. The results show that the
area-averaged standard deviation in pressure across the combustor plane can be reduced to as low as 9.9% from
an initial value of 16.9%. It is also shown that the three-dimensional geometry can be used to weaken or cancel the
main compression shock. As a result, the best transition from rectangle to circle for uniform � ow is not monotonic.
The inviscid performance of this three-dimensional inlet is then compared to a rectangular-to-circular transition
inlet with uniform capture properties, as well as to a simple two-dimensional inlet.

Nomenclature
Ai = area of grid face i
i, j, k = computational grid directions
M = Mach number
Pi = pressure at grid cell i
R = radial distance from combustor centerline

to transition wall
Xn , Yn = nth Bezier–Berstein control point
c = ratio of speci� c heats
D = percentage value to determine hyperelliptic

and circular average
g c = adiabatic compression ef� ciency
g ke = kinetic energy ef� ciency
p c = total pressure recovery

Subscripts

cap = capture plane property
com = combustor plane property
fore = ratio over inlet forebody
trans = ratio over inlet transition piece
l , x = lower inlet transition quadrant
u, x = upper inlet transition quadrant

= freestream property

Introduction

T HE design of an ef� cient compression system for an airframe-
integrated scramjet engine is essential for acceptable perfor-

mance of a hypersonic airbreathing vehicle. The geometry of such
hypersonic inlets has normally been restricted to two-dimensional
con� gurations to simplify the analysis and reduce boundary-layer
losses. However, there are advantages to exploring the design of
inlets that are three-dimensional in nature. One example of this is
the combination of a rectangular capture area with a cylindrical
combustor, which provides several appealing bene� ts.
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A cylindricalcombustoroffers several performancebene� ts over
a rectangular cross section. Besides the reduced structural mass re-
quired to contain a speci� c pressure, the cylindrical design reduces
the deleterious viscous effects inside the combustor. The problem
of hypersonic corner � ow is reduced by the elimination of the cor-
ners in the transition duct. The hydraulicdiameter of the cylindrical
combustor cross section is also 20% less than its two-dimensional
counterpart, thus reducing the viscous drag inside the combustor
by approximately the same proportional amount. This can lead to
a substantial overall drag reduction, depending on the length of the
combustor.

One problemwith theuseof a cylindricalcombustoris matching it
to a rectangular inlet capture area. There is a strong desire for inlets
to be stackable when designing a realistic vehicle con� guration.
Rectangular inlets are of interest because they can be stacked in
such a con� gurationwithout leakage;stackingcircularcaptureareas
wouldresult in mass � ow beinglostbetweenadjacentinlets.Another
consideration is that in many vehicle designs, long � at surfaces are
used for forebody compression to delay boundary-layer transition.
In addition, the planar shocks associated with a circular capture
area would also result in less ef� cient mass capture. The design of a
rectangular-to-circular transition duct, with minimal losses, would
provide for an ideal combination of these two ef� cient, yet very
different geometries.

The design of such a transition has recently been studied by
Smart,1 who uses a stream-tracing method to determine the shape
of various transitions. The design process involves the use of an
axisymmetric compression surface with the � ow� eld calculated
numerically. Different capture area cross-sections are prescribed,
varying from rectangularto elliptical in shape. Streamlines are then
traced through the � ow� eld to determine the corresponding inlet
wall and exit plane geometries. Circular and elliptical exit planes
are then prescribed, with streamlines traced backward through the
� ow, to determine the correspondingcapture plane geometries.The
shapes are blended together with a mathematical lofting procedure
to produce a smooth transition from rectangle to ellipse. The re-
sults of the design of this rectangular-to-elliptical shape transition
(REST) have shown that these types of inlets can perform more
ef� ciently than their two-dimensional counterparts.1

A numerical optimization can provide insight into the important
aspects of a given inlet geometry. The design of a two-dimensional
inlet using numerical optimization and a computational code was
accomplished by Shukla et al.2 This study showed that, given ade-
quatecontrolover the inlet geometry,a numericaloptimizercoupled

571



572 SABEAN AND LEWIS

with a computational code can signi� cantly reduce the strength of
the re� ected shockand providemore uniform� ow to the combustor.

It is appealing to consider the idea of a three-dimensional in-
let transition duct capable of producing uniform out� ow from a
nonuniform in� ow. Such a geometry would be of particular use
when matched to inversely designed forebodies. These inverse-
design shapes, including the so-called waveriders, offer bene� ts to
overall vehicle performance, such as a high lift-to-drag ratio.3 The
design of these shapes involves the use of a known � ow� eld pro-
duced by a chosen generating body. The shape of the forebody is
then determined by selecting a stream surface in this � ow� eld that
intersects the generated shock wave. Inversely-derived forebodies
generatedfrom conical or power-law� ow� elds will delivernonuni-
form � ow to the inlet plane, though with known properties. One of
the goals of the present work is to optimize a transition duct, which
can make the � ow� eld more uniform before it enters the combustor.

The present work provides a method of directly optimizing the
geometry of a rectangular-to-circular transition.Two optimizations
are accomplished: a con� guration with uniform � ow entering the
transitionduct and a con� gurationwith an inverselyderivedpower-
law � ow� eld in� ow. The objective for each optimization is to pro-
duce an inlet with uniform pressureat the combustor, for a Hyper-X
class4 aircraft con� guration designed for Mach 10 cruise, although
other objectives could be chosen. A computational code is used to
compute the � ow� eld produced by a given three-dimensional ge-
ometry. This code is then called iteratively by an optimizer to min-
imize the standard deviation in pressure across the combustor area,
to determine a geometry that will produceuniform pressure.For the
uniform in� ow case, the in� ow conditions to the � ow solver are set
to be the conditions produced by a series of three, two-dimensional
� at ramps. For the nonuniformcase, a computationalcode is used to
computea power-law� ow� eld outsideof theoptimizer.Streamlines
are then traced through this � ow� eld to determine the properties at
the capture plane of the inlet. This method can be extended to opti-
mize the geometry for various � gures of merit, and the requirement
for uniform pressure can be added as a constraint to the optimizer.
Various geometric parameters are studied, and the most signi� cant
parameters are chosen to be used with the optimizer. Both geome-
tries are then compared to a two-dimensional inlet operating at the
same design conditions.

Numerical Tools
For both of the optimizationspresented in the present work, two

commercially available numerical tools were utilized.

Inlet Flow� eld Computations

The computationsof the � ow� eld inside the inlet were performed
usingGASP.5 This code is used to solve the three-dimensionalEuler
equations.Because of the swept surfaces that appear inside the inlet
with impinging shocks, the possibility of separation of a turbulent
boundary layer exists; however, for purposes of simplifying the op-
timization, inviscid � ow is assumed. Future work will incorporate
Korkegi’s6 separationcorrelationdirectly into the optimizationas a
constraint.

The � ow� eld is supersonic at all points in the calculation, and,
as such, space marching can be used to decrease the total amount
of CPU time required to obtain a solution. The full � ux is used in
the marching direction k with catastrophic limiting of the mixture
density and pressure, in which a � rst-order interpolation is used if
either of these values becomes negative for a particular cell face.
In the axial directions, i and j , GASP is set to use Roe’s � ux-
difference splitting and a min–mod limiter. The time integration is
done implicitly using a two-factor approximate factorization on a
single plane, for a constant value of k, with relaxation in the sweep
direction. All calculations were made using nonreacting air with a
constant ratio of speci� c heats, c 1.4.

The grid used to calculate the inlet � ow� eld was 60 40 135
in size. The grid was then extended 31 points in the marching direc-
tion to allow for enough additional planes to calculate the objective
function properly. The properties at the in� ow plane of the solution
were set corresponding to those appropriate for forebody used for

the given optimization case. The entire computation of the objec-
tive function requiredapproximately36 min of CPU time on a DEC
Alpha 433.

Optimization Method

The optimization was performed utilizing the DOT software
package, by VMA Engineering.7 The software was set to use the
Broyden–Fletcher–Goldfarb–Shanno (BFGS) search direction al-
gorithm, which is a quasi-Newton method that � nds the search di-
rection by approximating the inverse of the Hessian matrix. The
BFGS algorithm is chosen because of its fast convergence. The
gradients used in the algorithm were calculated using � nite differ-
ences. For purposes of this study, no constraints were imposed on
the optimization.

Uniform In� ow Optimization
The goal of this optimizationis to designa rectangular-to-circular

transition, and, as such, several portions of the vehicle forebody
geometrycan be held � xed. To simplify the problem,a seriesof two-
dimensional � at ramps, comparable to a typical two-dimensional
inlet, is used to initially compress the � ow. For the present work,
the � ow is compressed by three � at ramps, the � rst ramp inclined
at 5 deg and the second and third ramps inclined at 4 deg. The � ow
is turned a total of 13 deg before entering the transition. The actual
computational solution begins at the cowl lip, as shown in Fig. 1

Design Variable Formulation

The goal in choosing the proper geometric parameters for this
optimizationwas to limit the number of variables, reducing the total
runtime of the optimization, while keeping the geometry � exible
enough to produce the desired result. A Bezier–Bernstein curve is
used to reduce the number of design variables, as suggested by
Burgreen et al.8 Such a curve allows for the top compressioncenter-
line to have a fairly complexshape,yet requiresless designvariables
than would be necessary with other formulation. The top compres-
sion centerline is de� ned by a two-dimensional � fth-order Bezier–
Bernstein curve. This centerline determines the two-dimensional
propertiesof the inlet. Cancellationof the shock eminating from the
cowl lip is one of the more important aspects of the optimization,
and, therefore, this shape is allowed to vary as much as possible
within the optimizer.

The slope of the curve at the beginning of the transition duct is
held � xed to maintain continuity with the forebody compression
ramps. The slope of the curve at the expansion corner is allowed
to vary, allowing for the possibility of a small sharp corner at the
entrance to the combustionchamber.The distancebetween the cowl
lip planeand the expansioncornerplane is also allowed to vary, thus
changing the position of this corner. This leaves six coordinates for
Bezier–Bernstein control points, X2, X3 , Y3 , X4, Y4, and X5, which
are allowed to vary within the optimization. This curve determines
the shape of the centerline of the top surface of the transition duct.

The shapes of the cross sections are determined by averaging
the desired capture cross section with the desired combustor cross
section. In the presentwork, a hyperellipse,de� ned by the equation
xn yn 1, is used insteadof a rectanglefor prescribingthe capture
cross section.Experienceshowed that a reasonablevalue of n is 20,
which results in a less than 1% loss in mass � ow capture compared

Fig. 1 Location of the computational zone for rectangular-to-circular
transition with uniform in� ow.
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Fig. 2 Geometric parameters de� ning the shape of an intermediate
cross section.

to an in� nitely sharp corner. The bene� t of using the hyperellipse
is that it allows for a more stable computational solution, which
is necessary for use with an optimizer. The hyperellipse is then
scaled by the desired dimensions of the capture plane. Separate
scaling factors are used for both the top and bottom portions of the
inlet.

For the intermediate planes, the cross-sectional shape is aver-
aged using a fractional value. Two fractional values, D u and D l ,
are included as design variables for six intermediate planes that are
allowed to change during the optimization process. The fractional
values between the prescribed planes are interpolated using cubic
splines. Each fractional value is a weight that is applied to an aver-
aging of the hyperellipse and a circle. The radius for a given angle
is determined for the intermediate plane by the following equation:

(1 D x )(Rhyperellipse ) D x (Rcircle ) R� nal (1)

A separate value of D is used for both the top quarter and the bot-
tom quarter of the intermediate plane. The intermediate shape is
determined by Eq. (1). The shape is then scaled by the height of the
plane, determined by the Bezier–Bernstein curve and by the width
of the plane, which is held � xed through the transition.The value of
D is held � xed to zero at the capture plane and one at the combustor
plane. An example of this averaging is shown in Fig. 2.

For the present optimization, certain aspects of the transition ge-
ometry are held � xed. The height of the capture planes is set to
2.9 times the diameter of the combustor and is � xed such that all
three forebody shock waves intersect at the cowl lip for maximum
mass capture. With the 6 design variables allocated for the Bezier–
Bernstein curve, and a total of 12 variables to determine the cross-
sectional shape, this allows for a total of 18 design parameters that
can vary during the optimization.

Objective Function Formulation

The key to obtaining the desired combustor � ow properties in
the proper choice of an objective function to be minimized or max-
imized. For this work, an area-averaged standard deviation of the
pressure is chosen as the objective function, to maximize � ow uni-
formity. For each plane, an average pressure is calculated based on
the area,

P R Pi Ai / R Ai (2)

This area averaged pressure is then used to calculate a modi� ed
standard deviation of the pressure:

r P
R Ai (Pi P )2

R Ai

(3)

This calculation is then repeated over three planes between the
expansion corner and the exit, with each of these values averaged.
This ensuresthat the optimizerwill not convergeto a localminimum
in whicha shockwave re� ectsoff of a wall exactlyat the planewhere

the standarddeviation is calculated.When the objective is extended
into the combuster, the overall effect of the optimization should be
to minimize the expansion and compression waves that continue
into the combustor.

Design Conditions

The design conditions chosen for this optimization were for a
Hyper-X class vehicle � ying on-design, at a cruise Mach number
of 10. The inlet was chosen to provide an overall static pressure
rise of 100 times the freestream value into the combustor. A 5-deg
forebodycompressionramp is followedby two 4-degforebodycom-
pression ramps, providing an overall pressure ratio of Pfore 12.8.
This requires the pressure ratio for the transition to be Ptrans 7.8,
which is reasonable given the geometric constraints chosen for this
study. The freestream Mach number was set to M 10, and, as
such, the capture plane properties were set to the conditions after
the freestream � ow had been compressed by the three forebody
compression ramps. The in� ow Mach number to the transition was
determined to be Mcap 6.54.

Uniform In� ow Optimization Results

For the run shown in Fig. 3, the optimal design was determined
after a total of 291 function evaluations, of which 234 function
evaluationswere used to determine gradients,and 57 function eval-
uations were used to reduce the objective function. A total of 170
CPU h were required to obtain the optimized solution. The initial
design point produced an inlet with a 20.3% standard deviation in
pressureacross the combustorplane. The � nal solutionproducedby
the optimizer reduced this value to 7.7%. The function evaluation
history over the optimization is shown in Fig. 3.

An attempt was made to reduce the value of r P further, with the
same number of grid cells for the computational solution; however,
for all optimization runs attempted, the optimizer was unable to
proceed any further. The � nite differenced gradients calculated by
the optimizer are reduced in accuracy as the algorithm proceeds to
the optimum solution, which would theoretically be a 0% standard
deviationin pressure.The only way to obtaina better solutionwould
be to increase the number of grid points used for the computational
solution, thereby increasing the accuracy of the gradient calcula-
tions. However, as with all three-dimensional computational � uid
dynamics problems, adding grid points can dramatically increase
the required CPU time. With the given code, if the number of points
in the i, j , and k directionsare doubled, the required CPU time will
typically increase by a factor of eight. Thus, the additionalaccuracy
gained might not justify the additional computational effort. The
goal is to allow the solution to have enough accuracy to obtain a
usable design in a reasonable amount of time.

Fig. 3 Optimization function evaluation history for uniform in� ow.
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Fig. 4 Mach 10 optimized inlet with uniform in� ow.

Fig. 5 Cross-sectional shape percentages along Mach 10 optimized
inlet with uniform in� ow.

The � nal optimized con� guration is shown in Fig. 4. The tran-
sition section length was found to be 8.4 times the diameter of
the combustor cross section. An interesting aspect of this optimal
shape is the manner in which the cross-sectionalshape varies along
the transition duct. The � nal values of D u and D l along the tran-
sition are shown in Fig. 5. The values for the upper portion of the
inlet behave monotonically, with the cross-sectionalshape becom-
ing completelycircular justbefore the end of the transitionduct.The
lower values,however,vary greatly.The lower portion transitionsto
a circle more quickly than the upper section, initially; it then returns
to a more rectangularshape and then quickly transitionsback to the
circularshape. This has the effect of creatinga shallowcompression
at this lower corner, followed by a sharper expansion, then another
compression.This shape can be seen in Fig. 4 as a small dent at the
lower corner, toward the front of the transition duct. This property
appeared in several preliminary runs and appears to be necessary to
cancel compression waves originating from the upper corner.

Most of the Bezier–Bernstein curve control points did not vary
greatly through the optimization. The most important parameters
appear to be the length of the transition duct and the control points
that determined the angle at which the transition piece centerline
terminated. Each of these values varied from 5–10%, whereas the
otherparametersvariedby less than 1% over the entireoptimization.

Table 1 Grid dependence comparison of pressure deviation
and total pressure parameters for uniform � ow design

Optimized Nonoptimized

Parameter Coarsea Fineb Coarsea Fineb

r P ,% 9.94 9.72 12.92 13.41
P 7.976 8.019 7.984 8.014

aCoarse grid is 60 40 166. bFine grid is 120 80 332.

Fig. 6 Pressure contours on walls of optimized uniform in� ow inlet at
on-design conditions.

Fig. 7 Pressure contours inside optimized uniform in� ow inlet at on-
design conditions.

The pressure contours both along the walls and inside the transi-
tion duct are shown in Figs. 6 and 7, respectively. As can be seen,
there appear to be fairly strong compressionwaves present near the
expansion corner. These waves are followed by a strong expansion
wave, originative from the corner, which quickly cancels out this
compression and brings � ow to relatively uniform pressure toward
the combustor entrance plane. Areas of higher pressureoccur along
the combustorplanesand are spreadover 4–6 grid cells.These sharp
rises in pressure, about 20% higher than the average pressure at this
plane and occurring over a small number of grid cells, are dif� cult
for the optimizer to remove completely. However, the remainder of
the combustor plane is fairly uniform in pressure.

Grid Dependence

A grid-dependence study was conducted to assess the accuracy
of the objective function [Eq. (3)] over the course of the optimiza-
tion. The number of points in each of the compuational directions
was doubled, and the objective function was calculated. These cal-
culations were made for two geometries: a geometry close to the
optimum solution and a geometry far from the optimum solution.
The results of this study are shown in Table 1.
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For the starting geometry, the area-averaged standard deviation
in pressure across the combustor planes was 4% less for the coarse
grid than for the � ne grid. As the solution progressed to the opti-
mum, this differencewas reduced to 1.8%. Apparently, as the solu-
tion progresses toward providinguniform� ow to the combustor, the
� ow� eld gradientsdecreaseas re� ected shockwaves and expansion
waves are removed from the solution. With this reduction in com-
plexity, fewer grid points are necessary to obtain a reliable solution.
As this study shows, it is apparent that the number of grid points
chosen provides suf� cient accuracy for use with the optimizer.

Nonuniform In� ow Optimization
To simplify the problem, one inversely designed compression

surface is allowed to vary during the overall optimization,with two
other compression surfaces held as � xed geometries. A 5-deg two-
dimensional ramp followed by a 4-deg two-dimensional ramp are
used to initiallycompressthe � ow. An inverselydesignedpower-law
ramp is then used to providethe nonuniformin� ow conditionsto the
transition duct. The actual computationalsolution for the optimizer
begins at the cowl lip, as shown in Fig. 8.

Forebody Generation

The stream-traced power-law section of the compression fore-
body is derived using inverse-design techniques developed for the
determinationof waverider geometries.3 Normally, these shapes are
derived from basic � ow� elds that are analyticallydetermined, such
as wedge � ows or conical � ows. For the present work, the � ow� eld
over a two-dimensionalthree-fourthspower-lawgeometry was cho-
sen. This geometry offers the optimizera nonuniform� ow� eld with
the pressurevaryingby up to 30% across the inletcaptureplane.The
amount of nonuniformity is important because the goal of this part
of the study is to investigate the impact of a nonuniform � ow� eld
on the results of the optimizationprocess, as well as the overall inlet
performance.

The actual shapeof the ramp is determinedby choosinga point in
the � ow� eld and numerically tracing the streamlinebackward to its
intersectionwith the shock.The � owbetweenthis streamlineand the
shock determines the in� ow conditions to the inlet transition duct.

Compression Surface De� nition

The actualstream-tracedcompressionsurfaceis determinedusing
a technique similar to that used by Sabean and Lewis9 in the design
of a power-law derived star body. In the case of the present work,
one streamline is chosen to representthe two-dimensionalcompres-
sion ramp. This streamline is determined by using two variables to
determine a point in the � ow that will correspond to the top of the
rectangular-to-circular transition duct capture plane. The stream-
line corresponding with this point is then traced backward until it
intersects with the shock wave, thus determining the compression
surface. The � ow between this point and the shock wave represents
the � ow entering the transition duct. A diagram of this con� gura-
tion is shown in Fig. 9. The line representing the transition duct
capture plane is shown inclined at 9 deg because the � ow over this
compression surface has already been turned a total of 9 deg by the
two initial � at compressionramps. The propertiesalong this line are

Fig. 8 Location of the computational zone for rectangular-to-circular
transition with nonuniform in� ow.

Fig. 9 Determination of streamtrace power-law compression surface
and in� ow conditions.

then scaled according to the � xed height of the capture plane and
are used as inputs to the transition duct � ow solver.

Power-Law Flow� eld ComputationalScheme

GASP5 is used to generatethe � ow� eld used in the inverse-design
process.This � nitevolumecodeis used to solvethe two-dimensional
Euler equations over a power-law shape with the form y Cx3/ 4.
The valueof C was adjustedalongwith the internalcontractionratio
of the inlet to produce an overall compression ratio of 100 for the
entire forebody and inlet. In this case, the value of C corresponded
to a power law with a length of 1.0 and a height of 0.094. The actual
values of x and y are scaledso that the desired capturearea � ow� eld
would � t within the actual inlet capture area.

The grid is generated algebraically using this same functional
form, with clusteringnear x 0 to better capture the � ow properties
at the nose. The grid is also broken into two zones: a subsonic zone
with 90 102 grid points and a supersonic zone with 112 140
grid points. The calculations in the supersonic zone are done using
spacemarchingto lower theoverallruntimerequiredper calculation.
As such, a complete calculation requires 80 CPU min on a DEC
Alpha 433.

The � ow is calculated in the subsonic region using Van Leer � ux
vector splitting with a min–mod limiter and is globally iterated us-
ing a two-factor approximate factorizationmethod. The supersonic
region uses a full � ux in the marching direction, with a catastrophic
limiter based on the pressure and density of the � ow in the trans-
verse direction, as well as a � rst-order-accurateLU decomposition
on a single line with relaxationin the sweep direction. Inviscidwall
boundary conditions are used because the � nal body surfaces are
taken from stream surfaces that do not coincide with the generating
surface. The � ow is assumed to be nonreacting air with a constant
value of c 1.4 and an initial Mach number of 7.31 corresponding
to a Mach 10 freestream � ow that has passed over a 5-deg wedge,
followed by a 4-deg wedge.

Design Variable Formulation

The design variablesused to describe the geometry of the power-
law inlet are identical to those used for the uniform in� ow case.Two
additionaldesignvariablesare addedto determinethe inversedesign
compressionsurface.As was the case for the precedingoptimization
problem,certainaspectsof the geometrywere held � xed. The height
of the capture plane is set to 2.3 times the diameter of the combustor
and is � xed such that all three forebody shock waves intersect at
the cowl lip for maximum mass capture.With the 2 design variables
used to determinethe inverselydesigned in� ow conditions,6 design
variablesallocated for the Bezier–Bernstein curve, and a total of 12
variables to determine the cross-sectionalshape, there are a total of
20 design parameters that can vary during the optimization.

Objective Function Formulation

The same area-averaged standard deviation in pressure given in
Eq. (3) is used for the objective function for the nonuniform in� ow
optimization.

Design Conditions

The same � ightconditionswereused to determinethenonuniform
in� owgeometry.A 5-degforebodycompressionramp is followedby



576 SABEAN AND LEWIS

a 4-deg forebody compression ramp, providing an overall pressure
ratio of Pfore 6.49 for the � xed compression ramps. This requires
that the pressure ratio for the stream-traced compression surface
and the transitionduct to be Pstcomp trans 15.4, which is reasonable
for the geometric constraints chosen for this study. The freestream
Mach number was set to M 10, and, as such, the capture plane
properties were set to the conditions after the freestream � ow had
been compressed by the three forebody compression ramps, as de-
termined by the inverse-design� ow� eld.

Nonuniform In� ow Optimization Results

For the run shown in Fig. 10, the optimal design was determined
after a total of 551 functionevaluations,of which 447 functioneval-
uations were used to determine gradients, and 104 function evalu-
ations were used to reduce the objective function. A total of 321
CPU h were required to obtain the optimized solution. The initial
design point produced an inlet with a 16.9% standard deviation in
pressureacross the combustorplane. The � nal solutionproducedby
the optimizer reduced this value to 9.9%. The function evaluation
history over the optimization is shown in Fig. 10. As was done with
the uniform in� ow optimization,an attempt was made to reduce the
value of r P further, with the same number of grid cells for the com-
putational solution; however, for all optimization runs attempted,
the optimizer was unable to proceed any further.

The � nal optimized con� guration is shown in Fig. 11. The tran-
sition section length was found to be 7.88 times the diameter of the

Fig. 10 Optimization function evaluation history for nonuniform in-
� ow.

Fig. 11 Mach 10 optimized inlet with nonuniform in� ow.

Fig. 12 Cross-sectional shape percentages along Mach 10 optimized
nonuniform in� ow inlet.

Fig. 13 Pressure contours on walls of optimized nonuniform in� ow
inlet.

combustor cross section.An interestingaspect of this optimal shape
is the manner in which the cross-sectional shape varies along the
transition duct. The � nal values of D u and D l along the transition
are shown in Fig. 12. The values for the upperportionof the inlet be-
havemonotonically,much the same as with the uniform in� ow case;
however, the lower values behave quite differently.The indentation
that occurs with the uniform in� ow optimization is again present
in the nonuniform in� ow optimization; however, the indentation is
much less pronounced.

Another major difference between the two optimization cases is
that the shape of the Bezier–Bernstein curve varies greatly through-
out the nonuniform in� ow optimization. The inlet centerline cur-
vature must match that of the power-law stream-traced ramp, oth-
erwise additional unwanted expansion and compressionwaves will
be produced. The X and Y values of the Bezier–Bernstein control
points varied 2–10% over the course of the optimization. As such,
it was found that careful selection of all of the design variables was
integral to the successful completion of the optimization.

The pressurecontoursboth along the walls and inside the optimal
transitionduct are shown in Figs. 13 and 14, respectively.As can be
seen,thereappearto be fairlystrongcompressionwavespresentnear
the expansion corner. These waves are followed by a strong expan-
sion wave, originating from the corner, which quickly cancels out
this compression and brings the � ow to relatively uniform pressure
toward the combustor entrance plane. Again, areas of high pressure
occur over small regions along the combustorplane, as occurred for
the precedingoptimization.Because these peaks occur over a small
area, their impact on the objective function is averaged out, making
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Fig. 14 Pressure contours inside optimized nonuniform in� ow inlet.

it dif� cult for the optimizer to remove them completely.A choice of
an objective function that accurately represents the effects of these
peaks would be necessary to remove them.

Inlet Performance
To determine the bene� ts of the optimized con� gurations, the

performance is compared to a correspondingtwo-dimensional inlet
designed for the same conditions.10 To obtain an overall compres-
sion ratio of 100, a system of three compressionramps is again used;
however, all three ramps are inclined at 5 deg, for an overall turn-
ing angle of 15 deg. In conjunction with a square combustor, this
con� gurationwill produceapproximatelythe same compressionra-
tio as the optimized rectangular-to-circular con� guration presented
earlier.

Three commonly used ef� ciency parameters,11 total pressure re-
covery p c , adiabatic compression ef� ciency g c , and kinetic energy
ef� ciency g ke are calculated and mass � ow averaged over the com-
bustor plane. Each of these values for the optimized power-law
stream-traced inlet case, over several Mach numbers, are shown
in Table 2. These values can be directly compared to those for
the optimized uniform capture inlet case, shown in Table 3. The
values for both inlets can be compared to the values for a two-
dimensional inlet, which are shown in Table 4. As can be seen,
the rectangular-to-circulartransition duct is more ef� cient than the
two-dimensionalcase. This is mainly due to the extra compression
received from the transitioningof the corners to the circular shape.
However, the stream-traced power-law inlet does not perform as
well as the other two cases. This is to be expected because the
power-law compression surface is not as ef� cient as a simple � at
compression surface. However, at a small performance cost at the
inlet, a nonuniform inversely designed forebody can be included in
the vehicle design and then corrected to provide uniform � ow to the
combustor.

Note that these ef� ciencieswere determinedusing inviscidcalcu-
lations. The presence of interactions between the turbulent bound-
ary layer and shock waves present in the � ow can have a signi� cant
impact on the � ow uniformity and inlet ef� ciency. As such, these
values should be viewed as an upper limit on the ef� ciency param-
eters. An analysis of these interactions could be incorporated into
the optimizer, to minimize the impact on the overall inlet ef� ciency,
though this has been left for future work.

Viscous Considerations
All of the numerical calculations of the transition duct � ow� eld

in the presentwork were done assuming the � ow was inviscid;how-
ever, as noted, the presence of a boundary layer could have adverse
effects on the overall performance of the inlet. For instance, these
inviscid solutions do not take into account the three-dimensional
shock/boundary-layerinteractionsthat can possiblyoccur. Work by
Korkegi6 presents a correlation for predictingthe occurrenceof two
classes of such interactions:

Table 2 Inlet ef� ciencies for optimized
rectangular-to-circular inlets with power-law

compression, as a function of design Mach number

Ef� ciency Mach 6.0 Mach 8.0 Mach 10.0

p c 0.689 0.543 0.413
g c 0.949 0.934 0.924
g ke 0.984 0.985 0.985

Table 3 Inlet ef� ciencies for optimized
rectangular-to-circular inlets with uniform

capture, as a function of design Mach number

Ef� ciency Mach 6.0 Mach 8.0 Mach 10.0

p c 0.736 0.614 0.489
g c 0.958 0.946 0.937
g ke 0.987 0.988 0.988

Table 4 Inlet ef� ciencies for two-dimensional inlets,
as a function of design Mach number

Ef� ciency Mach 6.0 Mach 8.0 Mach 10.0

p c 0.716 0.560 0.427
g c 0.944 0.934 0.929
g ke 0.986 0.986 0.986

Fig. 15 Two-dimensional shock wave intersecting a turbulent bound-
ary layer.

Fig. 16 Skewed shock wave intersecting a turbulent boundary layer
along a side wall.

1) Case 1 involves incipient separationdue to a two-dimensional
shock wave intersecting a turbulent boundary layer as shown in
Fig. 15.

2) Case 2 involves incipient separation due to a skewed shock
wave intersecting a turbulent boundary layer along a side wall as
shown in Fig. 16.

To determinewhere separationcouldpossiblyoccur in the present
designs, a method suggestedby Smart1 is used.Each of the two pos-
sible separation cases is unique, and, as such, it should be possible
to address each of the separation criteria individually. Streamline
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traces were generated along the surface of the � nal inlet con� gura-
tions. Korkegi’s correlations were then applied over each of these
streamlines,afteran appropriatetransformationto the streamlineco-
ordinatesystem.For both of the optimizedcon� gurations,Korkegi’s
correlationsshow that separationdue to case 1 does not occur in this
inlet con� guration, most notably at the intersection of the re� ected
shock with the expansion corner. Conditions for case 2, however,
do occur over the intersection of the shock with the top corners of
the rectangular-to-circular transition. This means that although the
problem of hypersoniccorner � ow has been removed from the con-
� guration, a new problem of separation has been introduced. The
severity of these interactions should be explored more thoroughly
before this inlet design could be used in an actual � ight application.

Conclusions and Future Work
The optimizationsperformedproduceddesigns that decreasedthe

area-averaged standard deviation in pressure across the combustor
plane to 9.9%. A lower value may be possible with increased CPU
time required, thoughthis may not necessarilybe worth the increase
in uniformity. It might also be possible to employ a different objec-
tive function that would not decrease substantially in accuracy as
the optimal solution was approached.

The resultsfor theuniformin� owoptimizationare similarto those
in the work of Smart,1 who found that rectangular-to-elliptical tran-
sition geometries tend to outperform two-dimensional inlets at the
same design point. This is most likely due to the additional com-
pression that occurs as the corners of the rectangle transition into
smoother elliptical shapes. For the case of such a transition that
utilizes a stream-traced power-law compression surface, the inlet is
less ef� cient. This result is not surprising; the compression surface
was chosen to demonstrate the capability of optimizing such a tran-
sitionwith a nonuniformcapture� ow� eld. The power-law� ow� eld
allows for this, though it is much less ef� cient at compressing the
� ow than a � at ramp. Thus, the ef� ciency of the inlet is sacri� ced
by using this particular inverse-designforebody.

The strengthof the nonuniformin� ow design techniqueis that the
shape of the transition duct can be adjusted to compensate for using
a � ow� eld with a 10–20% change in pressure across the capture
planeto producea moreuniform� ow into thecombustor.In previous
studies involving the use of inverselydesignedshapes for the design
of airframe-integratedscramjets, there has been concernthat the use
of a nonuniform � ow� eld for the generationof the forebody would
have adverse affects on the uniformity of the � ow delivered to the
combustor.3 Other methods of inverse-design forebody generation
have been used to attempt to provide more uniform � ow to the inlet
while maintaining the high L / D properties, including the so-called
waverider shapes.11 However, a forebody that produces uniform
� ow will not deliveruniform� ow to a cylindricalcombustorwithout
the development of a three-dimensional design. The present study
demonstrates that the problem of delivering uniform � ow to the
combustorcanbe effectivelydecoupledfrom the choiceof the initial
forebody compression surface, within reason. Ideally, a forebody
derivedusing traditional inverse-design� ow� elds could be coupled
with an optimization similar to that presented here to obtain both
high L / D as well as a more ef� cient inlet.

These optimization procedures can also be applied to the de-
sign of an inlet for minimum viscous drag. Using a small cross� ow
boundary-layer assumption, as done by Smart,1 an approximate
boundarylayer couldbe calculatedusing the inviscid computational
solution. This boundary-layercalculationcould then be used to ap-
proximate the total viscous drag acting on the inlet, which could
then be used as the objective function for the optimizer, with � ow
uniformity included as a constraint to the optimizer.

Note that in addition to viscous drag losses, complex three-
dimensional shock wave/turbulent boundary-layer interactions can
also occur inside the transition duct. Smart1 has addressed these in-
teractions and has used a combinationof separationcorrelationsby
Korkegi6 to predict whether any such interactions occur inside the
REST inlet. This same method could be adopted into the numerical
optimizer as a constraint, though this is left for future work.

Overall, a numerical optimizationroutine coupled with a compu-
tational � ow solver can produce a rectangular-to-circular transition
duct with adequately uniform � ow, even when the � ow at the en-
trance to the duct is not necessarily uniform. The transition duct
is not as ef� cient as its two-dimensional counterpart; however, this
may be an acceptable design tradeoff, depending on the desired
application.
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